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log (ro-roj) = 0.6725596 
log (1 — ecos Ei) = 0.0705317 (Zech). 

log 3".9997 = 0.6020279. 
. • . E = m + x + 3".9997 

= 143° + 6° 3'21".525 + 3".9997 

= 149° 3' 25".5247. 

Check. e sin E = 6° 3' 25".52 

, • . m = E — e sin E 

= 143° 0' 0".0047. 
[f the second correction be taken at 4", which it is very nearly, E will 
be found to be 149°3'25".52 exactly. 

In computing a series of values of E, the labor may be lessened a little 
by preparing the constant logarithms, viz., log <3|/2, log )/2 cosec 1" and 
logecosec 1". 



PLANE TRIGONOMETRY BY QUATERNIONS. 



BY PROF. DE VOLSON WOOD, HOBOKEN, N. J. 

A quaternion may be expressed under a variety of forms. Thus if a 
and b are the tensors respectively of the unit vectors « and /9 we have (see 
Analyst, Vol. VII, pp. 124 and 127) 

q = h -i* (i) 

= Tq.Uq (2) 

= Sq + Vq (3) 

= Tq {SUq + VUq). (4) 

Each of these forms has special advantages for the solution of certain 

problems, but in this article we will make use of the third one. 

Two quaternions are equal when the elements of one equal respectively 
those of the other. Thus, if 

q = q', 
we have 

Sq + Vq = 8q' + Vq', (5) 

and hence from the definition, 

Sq = Sq', and Vq = Vq'. (6) 

The principle in algebra corresponding to this is that where an equation 

is composed partly of real and partly of imaginary terms. Such an equation 
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is equivalent to two others — thus we have 

ace + |/(— .6) .y — cy = ■/(— d) . a; + e, 
then aa — cy = e, 

V(r-h).y = V{—d).x. 

An application will now be made of equations (5) and (6) to the solution 
of a plane triangle. 

Let A, B, G be the angles of the triangle, a, /9, y, the respective vectors 
opposite, and a, b, c, the corresponding tensors. Let i be an axis perpen- 
dicular to the plane of the triangle and positive in front i 
of the plane. Let vector ft = CA, y — AB, a = CB, I 
then will — fi = AC, — }- = BA, and — a = BO. Left 
handed rotation being positive, the angle between /? and y I 
will be n — A, between /? and a it will be (7, and between 
a and y, B, or between f and a it will be — B or 360° — B. I 

The plane triangle gives the vector equation 

« = P + r- (7) 

This equation may be operated upon in any manner that will produce 
scalar results. 

Multiplying both members by y gives 

a r = Pr + r 2 - 

Substituting the value of the product of the vectors (see 3d of eq's A, p. 
124, Vol. YII) and assuming that y> = — c 2 (Art. 22, p. 70, Vol. VII), 
we have 

— ae cos B+ac sin B.i = — be cos (180°— A)+ be sin (180°— .A)— c 2 . 
Hence by equations (6) taking the scalar and vector parts, we have 
— ae cos B = + &c cos A — e 2 , 
and ae sin Bi = be sin Ai. 

From these we readily deduce 

a cos B + b cos .A = c, 
a sin 5 = b sin A, 
both of which are well known trigonometrical results. 
Again, dividing both members of (7) by ^9 gives 

* = 1 + I. 

Taking the scalar and vector parts, as indicated by equations (6) gives 

«? = !+«£, 

V a — Vt. 
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and substituting the values of the scalar and vector parts (see eq'ns (36) and 
(43), p. 126 Vol. VII) gives 

r cos C = I + % cos (180° — A), 

O 

? sin C.i= | sin (180° — A).i. 

These reduced give 

a cos C -{- c cos A = 6, 

a sin C = c sin A ; 
which are the same relations as those found above. 
Again, squariug (7) gives 

« 2 = P + fr + tf + r\ 

and taking the scalar parts we have 

_ «2 = — 62 _)_ Sfr _j_ ^ _ C 2, 

But ^ r = — 6c cos (180° — ii), 

SrP = — cb cos (180° — A), 
which substituted gives 

a 2 = 6 2 + c 2 — 26c cos A, a well known result. 
Taking the vectors gives 

o = vfr + v r p, 

or = 6c sin (180° — B).i + c6 sin (180° — JB)(— i), 

which is simply a true equation and make known no new property. 

Again, from (7) we have by transformation, a — /? = y, and a — y = /?. 
Multiplying the former by the latter, member by member, gives 

a 2 — a/3 — ya + j-0 = fr; 
and taking the vectors gives 

6 (a sin C + o sin J.) = c (6 sin A + o sin 5), 
each member of which expresses twice the area of the triangle. 

As a further exercise, transpose £/3 and square, thus a — 1/3 = £/? -f f. 
Squaring, o? — £«/9 — */?« + t/3 2 = J/3 2 + |/3 r + \y? + f, 
and taking the scalar parts gives 

— a? + ab cos C = 6c cos J. — c 2 , 
or a 2 = c 2 + °& cos C — be cos J., 

a form which is not common, but which may readily be reduced to 

a 2 = 6 s + c 2 — 26c cos A, 
as given above, so that no essentially new relation is thus determined. The 
essential relations are determined by simply multiplying or dividing equa- 
tion (7) by one of the vectors of the equation, or by squaring it. 



